We study the law of the solution to the stochastic heat equation with additive Gaussian noise which behaves as the fractional Brownian motion in time and is white in space. We prove a decomposition of the solution in terms of the bifractional Brownian motion. Our result is an extension of a result by Swanson.
Introduction
The purpose of this note is to make some remarks on the law of the solution to a heat equation with a fractional noise in time. Let us brie y describe the context and the motivation. Consider a centered Gaussian eld {W(t, x) : t ∈ [ , T], x ∈ ℝ d } with covariance given by (W(t, x)W(s, y)) = (s ∧ t)(x ∧ y),
where for x = (x , . . . , x d ), y = (y , . . . , y d ) ∈ ℝ d , we denoted x ∧ y = ∏ d i= (x i ∧ y i ). Also consider the stochastic partial di erential equation with additive noise
where the noise W is de ned by ( . ) . The noise W is usually referred to as a space-time white noise. It is well known (see for example the seminal paper by Dalang [ ]) that the heat equation ( . ) admits a unique mild solution if and only if d = . This mild solution is de ned as
where the above integral is a Wiener integral with respect to the Gaussian process W (see e.g. [ ] for details) and G is the Green kernel of the heat equation given by 
with H ∈ ( , ) and K ∈ ( , ]. Our purpose is to study the law of the linear heat equation driven by a fractional noise in time. That is, we consider a Gaussian eld
with covariance
where we will assume throughout the paper that the Hurst parameter H is contained in the interval ( , ). Let us consider the linear stochastic heat equation
The solution to ( . ) can be written in mild form as
where the above integral is a Wiener integral with respect to the noise W H (see e.g. [ ] for the de nition) and where G is given by ( . ). The following result has been proven in [ ].
Theorem . The process {U(t, x) : t ∈ [ , T], x ∈ ℝ d } exists and satis es
Remark . Observe that, in contrast to the white-noise case, we are only allowed to consider the spatial dimension d to be , or .
We are interested in characterizing the law of the Gaussian process U(t, ⋅ ) de ned by ( . ) and to see its relation with the bifractional Brownian motion. In other words, we try to understand how relation ( . ) changes when the noise becomes fractional in time. We prove that the solution to the heat equation with additive noise fractional in time and white in space can be decomposed in terms of the bifractional Brownian motion with Hurst parameters H = and K = H − d but in this case some additional Gaussian processes appear.
Concretely, we show that for every 
Analysis of the covariance of the process U(t, ⋅ )

Suppose that s ≤ t and denote by R(t, s) = (U(t, x)U(s, x)),
where x ∈ ℝ d is xed. We can write, from [ , proof of Theorem . ],
where
α H = H( H − ). The purpose of this paragraph is to analyze the covariance ( . ) of the solution U(t, x) and to understand its relation with the bifractional Brownian motion. The following proposition gives a decomposition of the covariance function of U(t, ⋅ ) in the case
The proof below will make it clear why the case d = has to be excluded.
Proposition . Suppose d ̸ = . The covariance function R(t, s) can be decomposed as follows:
where where β(x, y) is the beta function de ned for x, y > by
Proof. Fix t > s. By performing the change of variables
By performing the change of variables a → (−a) in the rst summand, we get
Remark . We can notice why the case d = must be dealt with separately in the latter equation. The integral with respect to db involves logarithms and it cannot lead to the covariance of the bifractional Brownian motion.
By explicitly computing the inner integrals, we obtain
At this point, we perform the change of variable a → a t+s and we obtain 
As a consequence, we obtain 
